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Abstract

We give sequent calculus, analytic tableaux, natural deduction, and
clause translation systems for resolution for paraconsistent weak Kleene
logic.

1 Introduction

In this paper we present calculi for paraconsistent weak Kleene logic. Paracon-
sistent weak Kleene logic has three truth values f, u, ¢t (with u, ¢ designated),
connectives -, A, V, and quantifiers V, 3. Its syntax and semantics is detailed
in section 2.

We first present a 3-sided sequent calculus in section 3. The fundamental idea
for many-sided sequent calculi for finite-valued logics goes back to Schroter [12],
Rousseau [9], Takahashi [14]. We follow the method given by Baaz, Fermiiller,
and Zach [4] and Zach [15] for constructing inference rules. This guarantees
that our system automatically has cut-elimination, mid-sequent theorem, and
Maehara lemma.

Signed tableau systems for finite-valued logics were proposed by Surma [13]
and Carnielli [6], and generalized by Hahnle [7]. In section 4, we present a signed
tableau system for paraconsistent weak Kleene logic.

Many-valued natural deduction systems for finite-valued logics have been in-
vestigated by Baaz, Fermiiller, and Zach [3] and Zach [15]. We give the introduc-
tion and elimination rules for the natural deduction system for paraconsistent
weak Kleene logic in section 5.

In addition to Hahnle’s work on tableaux-based theorem proving for finite-
valued logic, O’Hearn and Stachniak [8] and Baaz and Fermiiller [1] have studied
resolution calculi. In order for these calculi to be used to prove that formulas
of paraconsistent weak Kleene are tautologies or follow from some others, it is
necessary to produce sets of signed clauses. In section 6, we present a translation
calculus that yields a set of clauses from a set of formulas.

The rules we provide are optimal in each case, and use the algorithms de-
veloped by Salzer [10, 11].

*Generated from the truth tables of paraconsistent weak Kleene logic by MULTLOG, v. 1.13.


https://github.com/rzach/multlog

2 Syntax and semantics

Definition 1. The first order language £ for paraconsistent weak Kleene logic
consists of

1. free variables: ag,ay,as,...

bound variables: xg, x1,To,...

function symbols of arity i(i € N), including constants: f¢, fi, fa, ...
predicate constants of arity i(i € N): Pi, P, Ps, ...

propositional connectives, arity given in parenthesis: = (1), A (2) and V (2)

quantifiers: V and 3

NS o WD

auxiliary symbols: “(”, €)” and “)”

Terms are defined inductively: Every individual constant and free variable
is a term. If f™ is a function symbol of arity n, and ¢1,...,t, are terms,
then f™(t1,...,t,) is a term.

Formulas are also defined inductively:

1. If P™ is a predicate symbol of arity n, and t¢q,...,%¢, are terms, then
P™(t1,...,t,) is a formula. It is called atomic or an atom.

2. If A is a formula, so is —A.
If A and B are formulas, so is (A A B).
If A and B are formulas, so is (A V B).

AT

If A is a formula not containing the bound variable x, a is a free variable
and Q is a quantifier, then (Qx)A(z), where A(x) is obtained from A by
replacing a by x at every occurrence of a in A, is a formula.

A formula is called open, if it contains free variables, and closed otherwise. A
formula without quantifiers is called quantifier-free.

As a notational convention, lowercase letters from the beginning of the al-
phabet (a,b,¢,...) will be used to denote free variables, f,g,h,... for function
symbols and constants, x, ¥, z, ... for bound variables, all possibly indexed. Up-
percase letters A, B,C, ... will stand for formulas, greek letters I', A, A, ... for
sequences and sets of formulas, ¢ and s for terms. The symbols O and Q stand
for general propositional connectives and quantifiers, respectively.

Definition 2. We will use « as a variable for free variables (eigenvariable) and
T as a variable for terms (term variable). A formula consisting of some formula
variables, eigenvariables and term variables is called a schema.

A pre-instance A’ of a schema A is an actual formula from the formulas of
% which contains occurrences of the eigenvariables and term variables of A.



An instance A" of A is a pre-instance A’ of A, where the eigenvariables and
term variables have been replaced by free variables and terms not occurring in
Al

Definition 3. The matriz for paraconsistent weak Kleene logic is given by:
1. the set of truth values V- = {f, u,t},
2. the set V' = {u, t} CV of designated truth values,
3. the truth functions for connectives =, A and V, as given below;
4. the truth functions for quantifiers V and 3, as given below.
The set of undesignated values is V- =V \V*t = {f}.

The truth functions for connectives =, A and V are defined by

:\‘ K‘fut V‘fut
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The truth functions for quantifiers V and 3 are defined by

A 3
{fiu,t} | u {f,u,t} | u
{fiu} |u {f,ut |u
.ty | f {f.tr |t
{ry |f iy | f
{u,t} |u {u,t} | u
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Definition 4. A structure 4 = (D, ®_4) for a language .Z (an .Z-structure)
consists of the following:

1. A nonempty set D, called the domain (elements of D are called individu-
als).

2. A mapping ®_, satisfying the following:

(a) Each free variable of .# is mapped to an element of D.

(b) Each n-ary function symbol f of .Z is mapped to a function f 4 :
D™ — D, or to an element of D if n = 0. Additionally, ®_, maps
elements of D to themselves.

(¢) Each n-ary predicate symbol P of . is mapped to a function P 4: D™ —
V, or to a element of V if n = 0.



Definition 5. Let .# be an .Z-structure. An assignment s is a mapping from
the free variables of Zto individuals.

An interpretation I = (M, s) is an L-structure 4 = (D, _,) together
with an assignment s. The mapping ®_, can be extended in the obvious way
to a mapping ®1 from terms to individuals:

1. If ¢ is a free variable, then ®1: = s(¢).

2. If ¢ is of the form f(t1,...,tx), where f is a k-ary function symbol and
t1,...,t are terms, then @y := f//{(q)l(tl), ce @I(tk)).

Definition 6. Given an interpretation I = (#, s), we define the valuation valg
for formulas A to truth values as follows:

1. If A is atomic, A = P(t1,...,t,), where P is an n-ary predicate symbol
and t1,...,t, are terms, then let valf(A) = PJ/{(CPI(tl), ce @I(tn)).

2. If A=0(A4,...,4A,), where Ay,..., A, are formulas, and O is the asso-
ciated truth function to O, then valy(A) = D(Vall(Al), . ,valI(An)).

3. 1f A = (Qz)(B(z)), and Q is the associated truth function to Q, then
vali(A) = Q{valy(B(d))|d € D}).

Definition 7. An interpretation I satisfies a formula A, in symbols: I |= A, iff
ValI(A) cevT.

Definition 8. A entails A iff I = A for every interpretation I such that I | B
for all B € A. A is valid iff it is satisfied by every interpretation I.

3 Sequent calculus for paraconsistent weak Kleene
Logic
Definition 9 (Syntax of Sequents). A sequentI'is atripleI'; | T', | Iy, of finite

sequences I';, of formulas, where v € V.. The I';, are called the components of T'.
For a sequence of formulas A, and W C V, let [W: A] denote the sequent

whose component I, is A if v € W and empty otherwise. For [{wy,...,wx}: A
we also write [wq,...,wi: A]. If T and I are sequents, then I', T denotes the
sequent 'y, I} [ ... | I'y, Iy

Definition 10. Let I be an interpretation. I satisfies a sequent I' iff there is a
v € V so that for some formula A € T, vali(F) = v. I is called a model of T,
in symbols I =T.

T is called satisfiable iff there is an interpretation I so that I =T and valid
iff for every interpretation I, I =T

Proposition 11. A = A iff the sequent [f: A], [u, t: A] is valid.

Definition 12. The sequent calculus for paraconsistent weak Kleene logic is
given by:



1. axiom schemas of the form [V: A],

2. weakening rules for every truth value v:

T, [v: A]

3. exchange rules for every truth value v:

T, [v: A, B], A

I, [v: B, A], A X

4. contraction rules for every truth value v:

T, [v: A, A]

T, [v: A] cv

5. cut rules for every two truth values v # w:

T, [v: Al A, [w: 4]
T,A

CUT:vw

6. an introduction rule O: v for every connective O and every truth value v,
as specified below,

7. an introduction rule Q:v for every quantifier Q and every truth value
v, as specified below, where the free variables a occurring in the upper
sequents satisfy the so-called eigenvariable condition: No « occurs in the
lower sequent.

(2)—(5) are called structural rules. (6) and (7) are called logical rules.

The introduction rules for connective — are given by

L[t A L fuA] L[f:4
T, [f:i~4] Y T, [u-A4] T [t:-A] "
The introduction rules for connective A are given by
,[f,t:B] T,[f:A,B] T,[f,t:A4] N T, [u: A, B) A
T.[f:AA B Y T wAnB !
I,[t:B] T,[t: 4]
I, [t: AN B]

The introduction rules for connective V are given by

L[f:B] T,[f:4] vif T, [u: A, B] Ve
T, [f: AV B] | I, u:Av B]
I,[f,t:B] T,[t:A,B] T,[f,t: A
T, [t: AV B] Vit



The introduction rules for quantifier V are given by

L [f:A(0)] T If t: Aa)] vf [, [u: A(7)] Vo
F,[f:(Vx)A(lli)]t.A ' L [u: (Vo) Az)]

Tt (Vo) A@)] !

The introduction rules for quantifier 3 are given by

L, [f: A(a)] e T, [u: A(7)]
L, [f: 3z)A(z)] — T, [u: (3z)A(2)]
L, [t: A(m)] T,[f, t: A(a)]
T, [t: (3x)A(x)]

J:u

Definition 13. An upward tree of sequents is called a proof in the sequent
calculus iff every leaf is an instance of an axiom, and all other sequents in it are
obtained from the ones standing immediately above it by applying one of the
rules. The sequent at the root of P is called its end-sequent. A sequent I' is
called provable iff it is the end-sequent of some proof.

Theorem 14. A sequent is provable if and only if it is valid.

Proof. See Theorems 3.1 and 3.2 of Baaz et al. [4] or Theorems 3.3.8 and 3.3.10
of Zach [15]. O

Corollary 15. In paraconsistent weak Kleene logic, |= A iff [u,t: A] has a
sequent proof, and A = A iff [f: Al, [u, t: A] has a proof.

Theorem 16. The cut rule is eliminable in the sequent calculus for paracon-
sistent weak Kleene logic.

Proof. See Theorem 4.1 of Baaz et al. [4] or Theorem 3.5.3 of Zach [15]. O

4 Tableaux for paraconsistent weak Kleene logic

Although the method of Surma [13] and Carnielli [6] for obtaining signed an-
alytic tableaux systems applies to paraconsistent weak Kleene logic, it has a
drawback. As Hé&hnle [7] pointed out, to show that a formula is valid, it is
required to provide as many closed tableaux as there are non-designated values.
This is usually not desirable; the generalized approach by Hahnle [7] solves this
problem. Below we give a tableau system for paraconsistent weak Kleene logic
using the sets of signs V'\ {v}, i.e., the tableau system exactly dual to that of
Carnielli (in the sense of [2]).

Definition 17. A signed formula is an expression of the form v: A where v € V/
and A is a formula.



Definition 18. A tableau for a set of signed formulas A is a downward rooted
tree of signed formulas where each one is either an element of A or results from
a signed formula in the branch above it by a branch extension rule. A tableau is
closed if every branch contains, for some formula A, the signed formulas v: A for
all v € V, or a signed formula v: A with a branch expansion rule that explicitly
closes the branch (®).

The branch expansion rules for connective — are given by

fiA u: A t:—A
t:A ur A fiA

The branch expansion rules for connective A are given by

ftANB uwANB t:ANB
f:B f:A fA u: A t:B t: A
t:B f:B t: A u: B

The branch expansion rules for connective V are given by

ftAVB u:AV B t:AV B
B frA ur A f:B t: A fiA
u: B t: B t:B t: A

The branch extension rules rules for quantifier V are given by

f:(Vx)A(z) u: (Va)A(z) t: (Vo) A(x)
frA(T) fA(a) u: A(T) t: Ala)
t: A()
The branch extension rules rules for quantifier 3 are given by
f:(3x)A(x) u: (3x)A(x) t: (Jx)A(x)
fA(a) u: A(T) t: A(T) frA(a)
t: A(a)

Definition 19. An interpretation I satisfies a signed formula v: A iff valy(A) #
v. A set of signed formulas is satisfiable if some interpretation I satisfies all
signed formulas in it.

Theorem 20. A set of signed formulas is unsatisfiable iff it has a closed tableau.

Proof. Apply Theorems 4.14 and 4.21 of Héhnle [7]; interpreting v: A as S A
where S =V \ {v}. O

Corollary 21. In paraconsistent weak Kleene logic, | A iff {v:A | v € V*T}
has a closed tableau. A = A iff {v:B|ve V™ ,Be A}U{v:A|veVT} hasa
closed tableau.



5 Natural deduction for paraconsistent weak Kleene
logic
Let T be a (set) sequent, VT C V the set of designated truth values. The set

of non-designated truth values is then V=~ =V \ V*. We divide the sequent T
into its designated part I'" and its non-designated part I'~ in the obvious way:

't = (I,|veV™h)
r- = I,|lveV™)

Definition 22. The natural deduction rules for paraconsistent weak Kleene
logic are given by:

1. A weakening rule for all v € V+:

Tt

't [v: A Wi

2. For every connective O and every truth value v an introduction rule Or:w
(if v € V) or an elimination rule OE:w (if v € V7).

3. For every quantifier Q and every truth value v an introduction rule Qr:v
(if v € V) or an elimination rule Q:E:w (if v € V7).

The introduction and elimination rules for connective — are given by

Iy I'y Iy Iy 7 Al
O, [u,t:-A] Tf, (4] Tf[wdA] ry
s —E: f = o Lu o Ikt
Ly, Iy I'Y, [u:—A4] Iy, [t - A]

The introduction and elimination rules for connective A are given by

Ly Ly (B Do [f+ A Bl Ty [1f: Al
Ly, [u,t: ANB]  T7,[t:B] ry I, [t A nE: f
re,...,Ts '
Iy Iy ry
+ . + g + 1
I, [u: A, B] . I, [¢:B] Ty, [t 4] o

I:
T [wAAnB] " THI[EAAB

The introduction and elimination rules for connective V are given by

Iy e[ Bl Ty 1Al Iy
If, [u,t: AV B ry ry Vi [T, [u: A, B] L
Iy, Ty, Ty S T eave
Iy, (17 Bl Iy Ly, [l Al

If[t:B] TF,[t:A B Ti,[tA]
Iy, T, T4, [t AV B]

VI: t



The introduction and elimination rules for quantifier V are given by

) Lo Iy, Hf:+A(T)ﬂ Fz_jrf[f: A(a)]]
Ly, u, t: (Va)A(z)) ] I3, [t Ae)]
VRERY; VE: f
ry ry
Ty, [u: A(T)] 7, [t Aa)]
Of [ A T nA@)]
The introduction and elimination rules for quantifier 3 are given by
Ly Lo A@IT Ty [l Ala)]]
OffutGoA@] T FHCEIC)
I RO . '
1 1
7, [u: A(T)] . T, [t Aa)]

I w@oA@)] % ThE@nA@)] !

Definition 23. A natural deduction derivation is defined inductively as follows:
1. Let A be any formula. Then
[V~ A]
[Vt A]
is a derivation of A from the assumption [V ~: A] (an initial derivation).

2. If Dy, are derivations of F;, A; from the assumptions I';, A,;, and

< Ty, 1A >
Fk’Ak keK

I+

is an instance of a deduction rule with A,; a subsequent of A, and all
eigenvariable conditions are satisfied, then

(Dr)kex
H+

is a derivation of IT* from the assumptions [ J; o Ty, . The formulas in A;
which do not occur in (. I';; are said to be discharged at this inference.

Theorem 24. A partial sequent I'T can be derived from the assumptions I'~
in the natural deduction system for paraconsistent weak Kleene iff, for every
interpretation I, either some formula in I, (v € V'~ ) evaluates to the truth
value v, or there is a w € V' and a formula in T} that evaluates to w.

Proof. See Theorems 4.7 and 5.4 of Baaz et al. [3] or Theorems 4.2.8 and 4.3.4
of Zach [15]. O

Corollary 25. T' = A iff there is a natural deduction derivation of [V1: A
from [V—:T.



6 Resolution and clause formation rules for para-
consistent weak Kleene logic

The many-valued resolution calculus of Baaz and Fermiiller [1] applies to para-
consistent weak Kleene logic. We present the framework here, as well as a
language preserving clause translation system for paraconsistent weak Kleene
logic.

Definition 26 (Signed formula). A signed formula is an expression of the form
AY, where A is a formula and v € V. If A is atomic, A” is a signed atom.

Definition 27 (Signed clause). A (signed) clause C' = {A}*,..., A’} is a finite
set of signed atoms (proper clause). The empty clause is denoted by O.
An eztended clause is a finite set of signed formulas.

Definition 28 (Semantics of clause sets). Let .# be a structure. .# satisfies
a clause C' iff for every assignment s, there is some signed formula AY € C, so
that valy(A) = v (where I = (.#,s)). . satisfies a clause set € iff it satisfies
every clause in €. ¥ is called satisfiable iff some structure satisfies it, and
unsatisfiable otherwise.

The clause formation rules for connective — are given by

¢ U{CU{(-4)}} o cui{cui=A"
€ U{CuU{At}} ' cu{Cu{A“}}
¢ U{CU{(-A)'}}

cu{Cu{A}}

-t

The clause formation rules for connective A are given by

FU{CU{(AABY}}
cu{Cu{Bf, B}, CU{A B}, Cu{Af, At}}
¢U{CU{(ANB)"}} ¢ U{CU{(AANB)'}} .
Zu{Ccu{Aan By M Zufcu(By, cufany M

A:f

The clause formation rules for connective V are given by

CUICULAVBYY) | CU{CU{AVE)Y
¢U{CU{B'}, Cu{Al}} Zu{Ccu{as By Y

¢ U{CU{(AV B)'}}

Vit
€ U{CU{B/, B}, CU{A! B!}, CU{A/ A'}}
The clause formation rules for quantifier V are given by
¢ U{CU{((V2)A(=))}} vf

¢ U{CU{A(f(@)}, CU{A®b),Ab)'}}
CUCU{(Vn) A} | FU{CU{(V)AE@)'
cu{Cu{A(f@)yr " cu{cu{Ab)’y

10



The clause formation rules for quantifier 3 are given by

CUICU{EDA@YY} o CU{CU{(BDA@)
¢ U{CU{AD)Y )} cu{cu{A(f@)yr

¢ U{CU{(B2)A(z))'}}
T U{CU{A(f(@))'}, CU{AD), A(D)"}}
In the translation rules for quantifiers, the indicated free variables b are
new free variables that do not already occur in the premise, and terms f(a)

are formed using a new function symbol f and a all the free variables of the
corresponding clause in the premise.

3:¢

Theorem 29. Let T(€) be the result of exhaustively applying the translation
rules to a clause set €. Then T(€) is a set of proper clauses, i.e., T(€) contains
only signed atoms (all connectives and quantifiers are eliminated). Furthermore,

T(F) is satisfiable iff € is.
Proposition 30. Let A be a sentence and A be a set of sentences. Then
1. E A iff {{AY | v € V7 }} is unsatisfiable.
2. A= Aff
{BY|weVT} | BeAJU{{A" |veV~}}
is unsatisfiable.

Definition 31. A clause R is a resolvent of clauses Cy, Cs if R = (C1\{A]'})oU
(Co \ {A5%})o where

1. C1 and C5 have no free variables in common,
2. Aj and As are unifiable with most general unifier o,
3. vy # vs.

If C; and C5 have free variables in common, we say that R is a resolvent of C;
and Cjy if it is a resolvent of variable-disjoint renamings C7 and C% of C; and
C5, respectively.

Definition 32. A resolution refutation of a clause set € is a sequence of clauses
Ch, ..., Cy so that for every i, C; € € or C; is aresolvent of C;, Cy, with j, k < g,
and C,, = 0.

Theorem 33. A clause set € is unsatisfiable iff it has a resolution refutation.

Proof. See Theorems 3.14 and 3.19 of Baaz and Fermiiller [1] or Theorems 2.5.5
and 2.5.8 of Zach [15]. O

Corollary 34. A E A iff
TH{BY |lweVT} | Be Ayu{{A"|veV}})

has a resolution refutation.

11
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